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ON THE CURVILINEAR CALIBRATION IN BIOLOGICAL
AND CHEMICAL EXPERIMENTS

. by
W. N. WICKREMASINGHE
ABSTRACT

A conunon application in biological and chemical .experiments is to predict
X fioir Y (calibration) when Y is related to X, through regression techniques, where

X and Y are 2 variables of interest. This paper discusses the cuse when Y is a quadrafic .

Junction of X and the quadratic response is highly significant. This is an_extension to
linear calibration and approximate confidence intervals are derived for X when Y
is @ maximum or a minimum depending on the function. An illustration is given
using a numerical example. Alternatives and further extensions are also mentioned.

INTRODUCTION ]

The most common application of regression techniques is to find the
relationship between two variables X and Y, where Y is supposed to be dependant
on X. This relationship is then used to predict Y for a given value of X within the
obscrved range of X. However in some applications of biology and chemistgy, it is

sometimes necessary to usc a simple regression linc-or a curve constructed by

measuring a variable Y at a given sct of values from another variable X, to predict
X from Y. This procedure is adopted in problems where X is difficult to measurc

"or expensive but is related to Y which is more easily measured. Some examples of

this nature are (i) concentration (X) and absorbance (Y) of a chiemical solution.
(ii) to find the confidence interval for nitrogen level (X) which gives the highest
nodulation dry weight (Y) in a nitrogen fixation experiment ctc.. The theory and
application to a numecrical example, for the linear calibration, i.e. prediction of X
from Y when they are lincarly related, is discussed by Snedecor and Cochran (1980).
Moore (1980), discusses this further with an application to the analysis of chemical
data.

In practice, most of. the ‘biologists and chemists do not wish to consider
complex situations and lincar is the most common application among them. How-

cver. in some relationships quadratic. functions become cvident and therefore it is-
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important to look at this situation. It is also worth noting that'in certain situations
simple curvilinear functions other than the quadratic one have also proved to be
better. For example Abeywardena (1964) showed that the function Y=a+bX+c/X
gives a better fit than the usual quadratic one to explain the variability of coconut
yield per plot (Y) using number of bearing palms per plot (X). Duke et al (1982)
discuss the use of Fourier series as an alternative for quadratic response curve.
The objective of this paper is to focus on the problem of quadratic calibration,
i.e. to predict X from Y when Y is a quadratic function of X, with the aim of finding
approximate confidence intervals for X using standard statistical tools. Application
is illustrated by a numerical example. It is anticipated that the results could be
easily extended to other simple curvilinear relationships such as the one discussed
by Abeywardena (1964). Other possible extensions are also mentioned.

Quadratic response curve

A quadratic response curve is of the form Y = B, + B X.+ B, X%,
where B, By, & B, are coefficients estimated using experimental data and Y is supposed

dY -
— (rate of change’of Y) = B3+ 2B, X.

to be dependent on X. Now, ix

The problem

It is a common question to ask the value of X which gives the maximum or
the minimum Y, depending on the relationship. The answer is simple, because
once the coefficents By, B; & B, are estimated, it is simply the value of X when

A .
:—}-Y( =0, ie By + 2B, X =0 => X = —f,/2B, is the value of X that gives the
highest or the lowest Y in a strong quadratic relationship. However, a more valid

question is to ask for a confidence interval (say 95 %) for X which gives the maximum
or minimum Y, as the same X would lead to slightly different Y values, in practice.

] dY
95%, confidence interval for X when *% = 0

As discussed above, this is the confidence interval for X when Y is a maximum

or a minimum. Fig. 1. shows a quadratic relatioaship between X and Y and the
required confidence interval, A.
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Fig l..

It can be shown that,

I\ - A
A °'|2K Ko o o X _ K (I-r) s
(X— )i_‘ Pee / 22 oo, 4 4o
X =

gives the 959/ confidence interval for X when dl{ = O (see appendix for the
derivation) dX

1y 12 <2
Where K* a(n-1) s

| X'X | B

t = tabulated t value at 59 level with (n- 3) degrees of freedom, and
s, B and X'X are defined in the appendix.

and

Also, o,? = Variance of X
o2 = Variance of X?
-~ = Covariance (X,X?), and
T2 = Correlation between X & X2

Now, with the assumption that we talk about a quadratic response curve
only if the quadratic term in the ANOVA is highly significant (i.e. B, is highly
significantly different from O),

We can further derive the following:
var(ﬂ,) = ..](_.ﬁ_z. O'lz
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and F value for testing B, (in the ANOVA)

v

= B - F(from tables)
V(B2 K? o?

F(from tables)
kK ol

Therefore, F =

Now, B, is highly significant => F » F (Tables)
=>K!o2<I => (1-K? o> 0
Therefore, finite confidence intervals exist, when B, is highly significant.
Further, if B, is highly significant,
K?o 2 - O (negligible)

and also (1—r%,) is negligible (since r,; is closer to 1).

Approximate confidence interval for X

When there is a highly significant quadratic response, our confidence interval
for X that gives the maximum or minimum Y can be approximated by,

s

/ T2 A 1
v o7

A
X4-Ko, o, olog X + jr;.:z

+

A
This is of the form X 4 ts,
X

Where s, = crn// V(ﬁ 2 \/l *2 +
X

3 p ]
A o, ooy
and holds true for n> 4.

The above s, stands as an approximate standard error for X (given ‘.i—Y = 0)
when n is large. 2 dX
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Numerical example

The following example was taken from pages 480 — 482 of Box, Hunter &
Hunter, (1978) to illustrate the application of the quadratic calibration.
Treatment (X)

(Amount of supplement) 10 10 15 20 20 25 25 25 30 35
Growth Rate (Y) 7 78 8 9 91 8 8 91 15 65

Table 1. ANOVA of Y for the above data set

Source df S.S. M.S. F

Between Level (X) 5 683.90

X-linear 1 24.5 24.5 4.13(n.s)

X-quadratic 1 6449 644.9 108.75%**

X-lack of fit 3 14.5 4.83
Residual f t 593

( )
Error 4 210 6.75
Total 09

Tn this example there was a highly significant quadratic response and the
estimated quadratic response of average Y to levels of X, was found to be
Y = 3566 + 526X — 0.128 X? (using multiple regression techniques)

5.26
2x0.128
However 20.5 is just a point estimate,

A
Therefore, maximum Y is at X = 20.5

(or? = 669444, o2 = 3563803, o, = 2865.2777; r,; = .98 k = 0.027726)
2

Therefore the approximate 959 confidence interval for the amount of
supplement (X) that shows the maximum growth rate (Y) is given by

X = 20.5 -1 0.22685 4/3.644978
= 205 4- 04 = (20.1, 20.9)

Therefore, with 959/ confidence we say that the amount of the supplement
that gives the maximum growth rate is between 20.1 & 20.9.
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Limitations and further work

It should be noted ‘that the above discussed technique for estimating
approximate confidence intervals are valid only when the vatiable Y of interest
is a quadratic in X, the variable Y is dependent on, and this quadratic response
is highly significant. Also the number of pairs (X,Y) should be greater than 4. The
application of this is open to any similar situation irrespective of the field and the
results could be easily extended to other curvilinear relationships such as the one
mentioned by Abeywardena (1964). However, further generalisations of this also
to cover other curvilinear and non-linear relationships and when X and Y are
measured with error, are worth looking at.
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APPENDIX

Y=8+BX+BX=Y=2XB

nZX IzZX?
where Bl = (By B B) & X'X = zx: zx8
- symmetric 2X*
l- <l 3x3
B = X'X)! X1y (using normal equations)
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: AV

dY ‘
an dX ! 2

Find 95%, Confidence Interval (C.1) for X when % =0

i.e. Find 959 C.I for X that gives the maximum or the minimum Y.

Let C/g = j_:({_ = B + 28X Where C' = (0 1 2X)

dy
Now for given X, 959 C.1, for X is given by

dY e
ax = B + 2B:X) £ tos a3 VCU(XX)'C ——1 )

Where s?= Error Mean Square with (n-3) d.f. from ANOVA ((Johnston, (1972).

Let X = X oo
t X = X when ax |
A 2.2
Then from (1) (X-X)? = BAC (XIX)'C)
2
A A t%s? '
X2-2XX+X’=ZF;(4fX2+4cX+d) |
2 .
where C' (X'X)" C = 4fX? + 4eX + d *
if nm-1)%2 , -n(n-1) TX.X? {
wd = TR ¢ = XK .
i
n(n-1) o
e 1
and d [XX | !
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By simplification, we get

A . A, Ko?
(Ko?) X + (2X + o, K) X £ (X2 - 4’) =

where K> = n(n - 1) %2 and o= o =VX)

| XX | B vt = o = VX)

oy = Oxx2 = Cov (X,X?)
A A A Ko
(2X - o,,K?) i\/l (-2X+ oK% *— 4 (1-K? o) (X2 — ~Z )
. x =
N
A ’ X o 2X 2

~ X — oK) 4 Koo,y o-2+o~ o T(l - 1) + io-2

(=Ko

where r,, = Corr (X,X?.
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